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Turbulent heat transfer in a freely rotating disk with an arbitrary change in the wall temperature is investi-
gated. With the aid of the integral method developed previously, numerical simulation for the cases of posi-
tive, approximately constant, and negative radial temperature gradients of the disk is carried out. Unlike the
known Dorfman method, the results of the calculations performed agree well with experimental data. Based
on the data obtained, conclusions are drawn about relatively optimum parameters of the model for the con-
ditions under consideration.

Investigation of different aspects of turbulent heat transfer in a rotating disk is a topical problem as applied
to the systems of air cooling of the rotors of gas turbines, hard disks of computers, etc. It is well known that an ana-
lytical solution of the problem [1–5] obtained by the integral method with power-law radial distribution of the disk
temperature is as follows:

Tw − T∞ = c0r
n∗  , (1)

Nu = K1 Reϕ
nR x

mx , (2)

where nR = (n + 1)/(3n + 1), K1, c0, and n∗  are constants. The quantity n is an exponent of the power approximation
of the velocity and temperature profiles. The constant mx in formula (2) acquires a value of mx = 1 + m at condition
(1). In the case of turbulent flow, n = 1/5–1/10 and m = (1 – n)/(3n + 1); in the case of laminar flow, n  = 1 and
m = 0. At an arbitrary value of mx, in [6] a more general analytical solution is obtained for the wall temperature Tw
that includes relation (1) as a particular case. Analysis has shown that the solution of the problem obtained by the
author of [4–6] is the most exact one, while in a number of cases the calculations by the Dorfman formula [1–3] sub-
stantially exceed the reliable experimental and calculated data obtained by other authors.

However, under real conditions often the wall temperature distribution cannot be described by the analytical
dependences mentioned above. In these cases, use is made of a numerical version of the integral method and the dis-
tribution of Tw is approximated by some other dependence. In [7, 8], the Dorfman method at a fixed value of n = 1/7
was employed for numerical simulation of the conditions observed in experiments. As in the case of the analytical ver-
sion of the Dorfman method, the calculated results for a Nusselt number [7, 8] markedly exceeded the experimental
data at dTw

 ⁄ dr C 0 and dTw
 ⁄ dr < 0. The calculated and experimental results agreed well at dTw

 ⁄ dr > 0, with the ex-
ception of the cases of high Reϕ numbers at which the calculated data were lower than the experimental values.

The authors of [9] simulated the experimental conditions of [7, 8] by solving numerically the differential
equations for a boundary layer with use of the known Cebeci–Smith model of turbulent viscosity [10]. The agreement
of the calculations with the experiments turned to be good. This is indicative of the reliability of the experimental data
of [7, 8], while the substantial error of the Dorfman method at dTw

 ⁄ dr ≤ 0 is responsible for the disagreement of the
calculated [7, 8] and experimental results.
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In the present work, with the aid of the integral method [3, 4, 11, 12] numerical simulation of the turbulent
heat transfer in a rotating disk is carried out under experimental conditions [7, 8]. Consideration is given to the cases
of positive, approximately constant, and negative values of dTw

 ⁄ dr.
Integral Method. Integral equations for dynamic and thermal boundary layers are of the form
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The velocity profiles vϕ and vr, the shear stresses τwϕ and τwr, the temperature profile T, and the local num-
bers Nu are determined by the following expressions [4, 5]:

v
_
ϕ = ξn

 ,   v
_

r = v
_
ϕα (1 − ξ)2 ; (6)

τwr = − ατwϕ ,   τwϕ = − τw (1 + α2)−1 ⁄ 2 ; (7)

cf
 ⁄ 2 = τw

 ⁄ (ρV∗ )
2
 = Cn

−2 ⁄ (n+1)
 ReV∗

−2n ⁄ (n+1)
 ; (8)

(T − Tw) ⁄ (T∞ − Tw) = ξT
nT ; (9)

Nu = St 
ρV∗ r

µ
 Pr ; (10)

St = Cn
(nT−1) ⁄ (1−n)

 ReV∗

−nT (cf
 ⁄ 2)

(1−nT)
 ⁄ 2 ∆−nT Pr

−np . (11)

Here v
_
ϕ = (ωr − vϕ)/ωr; v

_
r = vr/(ωr); ReV∗  = ρV∗ δ ⁄ µ; V∗  = ωr(1 + α2)1

 ⁄ 2; Cn = 2.28+ 0.924/n. In the general case,
the constant nT = 1/5–1/10 differs from n.

After integration with account for formulas (6)–(11) the equations for the boundary layer (3)–(5) are reduced
to a form in which they are solved numerically by the Runge–Kutta method. In the equations α, δ, and ∆ are the un-
known quantities. The details of the procedure are described in [11, 12].

Local Heat Transfer. Comparison with Experiments. In the present work, for analysis use is made, as in
[9], of the experimental temperatures of the disk corresponding to determination of the Nu number from the measure-
ments with the aid of pickups of a local heat flux [7, 8]. The Nu numbers in such a way are corrected by subtracting
the radiation component following the procedure in [8].

The experimental surface temperature distributions of the disk [7, 8] are subdivided by the authors into four
groups and characterized as those conventionally obeying distribution (1) at n∗  = −0.2, 0.1, 0.4, and 0.6. Examples of
such distributions for a number of Reϕ values are given in Fig. 1. Inside each group the Tw distributions differed, as
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a maximum, by 10–15% for different Reϕ, but at the same time they had approximately the same general trend of the
curves (see, e.g., curves 1 and 2 for the case conventionally n∗  = 0.1). These curves are characterized mainly by the
positive (n∗  = 0.4 and 0.6), approximately constant (n∗  = 0.1), and negative (n∗  = −0.2) gradients of the wall tempera-
ture.

The correspondence of dependence (1) to the experiments at the n∗  indicated above is rather conventional. For
instance, formula (1) has no extreme (either inflection) points inside the region of determination of Tw over the disk
radius. At the same time, all the dependences depicted in Fig. 1 have the characteristic points. However, for the sake of
convenience the conventional subdivision of the curves into groups adopted in [7, 8] is retained in the present work.

The discrete experimental values of the temperature disk (the tabular data of [8]) were approximated in the
present work in the form of a polynomial of the seventh degree to be used in calculations by the integral method. Ex-
amples of such dependences are shown in Fig. 1.

The results of calculations of changes in the local Nu numbers are given in Figs. 2–4. Their common feature
is the nonuniversality of the n and nT values. However, a comparison of the calculated curves with the experimental
ones makes it possible to draw some qualitative and quantitative conclusions about regularities of the choice of the n
and nT values for particular thermal and hydrodynamic conditions. It should be also noted that the calculated curves
in these figures agree well with the calculations [9] carried out, as indicated above, by the differential method.

Results of simulation of the case n∗  = 0.1 are presented in Fig. 2. The calculations have been carried out
mainly at n = nT = 1/6. Agreement of the calculated and experimental data is good, though at Reϕ = 1.08⋅106 the val-
ues n = 1/6 and nT = 1/5 at x ≤ 0.85 allow slightly better agreement. This can be apparently attributed to the trend
toward decreasing nT at sufficiently small Reynolds numbers Reω.

Figure 3 shows the results of simulation of the sufficiently similar cases n∗  = 0.4 and n∗  = 0.6. At lower val-
ues of Reω = (1.59−1.71)⋅106, good agreement with experiments can be attained by using n = nT = 1/6.5. For higher
values of Reω = (2.67−3.14)⋅106, it is necessary to use n = nT = 1/7 or 1/6. It should be noted that for the data given
in Fig. 3 n and nT are, on the whole, slightly smaller as compared to the case n∗  = 0.1 (Fig. 1). At Reϕ = idem, the
only difference in the boundary conditions for the compared calculated data is the value of the radial temperature gra-
dient of the disk. For Fig. 2, dTw

 ⁄ dr ≈ 0 while for Fig. 3, dTw
 ⁄ dr > 0.

The assumption about the influence of dTw
 ⁄ dr on the exponents n and nT is confirmed by the calculated data

in Fig. 4 for the case n∗  = −0.2. For lower values of Reϕ = (0.548−1.08)⋅106, one needed to choose nT = 1/4 at n =

Fig. 1. Radial changes in the disk temperature Tw
 ⁄ T∞ (points, experiments [7,

8], curves, their polynomial approximation): 1) conventionally n∗  = 0.1, Reϕ =
1.35⋅106; 2) 0.1 and 3.2⋅106; 3) 0.4 and 3.14⋅106; 4) 0.6 and 1.59⋅106; 5) –0.2
and 2.65⋅106.

Fig. 2. Radial change in the Nu number, conventionally n∗  = 0.1; 1–6) experi-
ments [7, 8]; 7) calculation at n = 1/6, nT = 1/5; 8–13) calculation at n = nT
= 1/6; 1, 7, and 8), Reϕ = 1.08⋅106; 2 and 9) 1.35⋅106; 3 and 10) 1.6⋅106; 4
and 11) 1.88⋅106; 5 and 12) 2.14⋅106; 6 and 13) 3.2⋅106.
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1/6. At a higher value of Reϕ = 2.56⋅106, we have nT = 1/5 (a lower value) at the same n = 1/6. Thus, the influence
of dTw

 ⁄ dr < 0 is evident again as compared to Fig. 2: at Reϕ = idem the same n = 1/6 is retained and nT increases.
The characteristic feature of the data in Figs. 2–4 is the dip of the experimental Nu numbers [7, 8] at the

point x C 0.73 in relation to the calculations. The same disagreement of the experiments and calculations at x C 0.73 is
noted also in [9]; apparently, the reason lies in the systematic error of experimental measurements [7, 8] at the point.

It should be noted that in the experiments [7, 8] the velocity and temperature profiles have not been meas-
ured; therefore, the above analysis of the exponents n and nT is based on the Nu numbers obtained indirectly. Never-
theless, taking into consideration the interrelation between n = nT and the exponent nR at the Reynolds number in
formula (2) for Nu at condition (1), this analysis can be believed to be quite justified. Thus, at n = nT = 1/7 we have
nR = 0.8, mx = 1.6. It is evident that the rate of increasing the Nu numbers over the radius in Figs. 2 and 4 (the cases
n∗  = 0.2 and 0.1) corresponds to the smaller nR and mx and, consequently, to the larger n and nT, which is confirmed
by numerical calculations. Moreover, it is interesting to note that the authors of [13], experimentally measuring the
temperature profiles at the negative value of dTw

 ⁄ dr in the case qw = const (or n∗  C −0.6), have obtained nT = 1/4–1/5
for Reω = 106. This agrees with the data of the present investigation for n∗  = −0.2.

CONCLUSIONS

1. The results of numerical simulation of the turbulent heat transfer in a rotating disk with the aid of the de-
veloped integral method agrees well with the known experimental data [7, 8].

2. The calculations carried out allow us to assert that the boundary conditions of the problem exert an influ-
ence on the parameters of the model and to suggest the optimum values of these parameters for the conditions under
consideration.

NOTATION

b, outer radius of the disk, m; cp, heat capacity at constant pressure, J/(kg⋅K); Nu = qwr ⁄ [λ(Tw − T∞], local
Nusselt number; Pr = µcp

 ⁄ λ, Prandtl number; qw, heat flux on the wall, W/m2; r, ϕ, and z, radial, tangential, and
axial coordinates; Reω = ρωr2 ⁄ µ, local rotational Reynolds number; Reω = ρωb2 ⁄ µ, rotational Reynolds number over

Fig. 3. Radial change in the Nu number, conventionally n∗  = 0.6; 1 and 2) ex-
periments [7, 8]; 5 and 6) calculation at n = nT = 1/6.5; 1 and 5) Reϕ =
1.59⋅106; 2 and 6) 1.71⋅106; conventionally n∗  = 0.4; 3 and 4) experiments [7,
8]; 7) calculation at n = nT = 1/6; 8) calculation at n = nT = 1/7; 3 and 7)
Reϕ = 2.67⋅106; 4 and 8) 3.14⋅106.

Fig. 4. Radial changes in the Nu number, conventionally n∗  = −0.2; 1, 2, and
3) experiments [7, 8]; 4 and 5) calculation at n = 1/6, nT = 1/4; 6 and 7)
calculation at n = 1/6, nT = 1/5; 1 and 4) Reϕ = 0.548⋅106; 2, 5, and 6)
1.08⋅106; 3 and 7) 2.65⋅106.
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the outer radius; St = qw
 ⁄ [ρV∗ cp(Tw − T∞)], Stanton number; T, temperature, K; vr, vϕ, and vz, radial, tangential, and

axial velocities, m/sec; x = r/b, dimensionless radial coordinate; α, tangent of the torsion angle on the wall; δ and
δT, thicknesses of the dynamic and thermal boundary layers, m; ∆ = δT

 ⁄ δ, relative thickness of the thermal boundary
layer; λ, thermal conductivity, W/(m⋅K); µ, coefficient of dynamic viscosity, Pa⋅sec; ξ = z ⁄ δ and ξT = z ⁄ δT, dimension-
less normals to the coordinate surface; ρ, density, kg/m3; τw = (τwr

2  + τwϕ
2 )1

 ⁄ 2, total shear stress of friction on the wall,
Pa; τwϕ = µ(∂vϕ ⁄ dz)z=0 and τwr = µ(∂vr

 ⁄ dz)z=0, tangential and radial shear stresses of friction on the wall, Pa; ω, an-
gular speed of rotation, 1/sec. Subscripts: w, wall; ∞, external boundary of the boundary layer.
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